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ABSTRACT noise Wit) is

For nonparametric detection of narcowband Xit) - * vii) cools.0 t 0 (t) + * lit) fl)

sir.als in narrowband "os the zero medians
assumption of the low-peass known-signal detection where vit) and 6(t) are known low-pass
problem becomes the zero marginal medians modulations, 0 is a random phase angle urilforol.

assumpt ion on% the in-pbase and quadrature noise distributed an 10. 2s). and the noise ploe.ss lilt
components. Detectors baaed on conditional tests Is stationary. zero-swan, bandpas white no'ise.

are defined for this prohlem which mayb The observat ion vectors processed bv a v i
_onitdered as being the most logical counterparts are assumed to be the vector X, and Xq of

!,,of the low-pass aign correlator detector. In uniformly sampled in-phase ond quadratr
addition, the symmetry assumption on the noise components I n ~ epciov .2
probasbility densities In the univariate case *,n. ae hland Pose"etiet.I* .2
becomes a diagonal symmetry assumption, for which

4 conditional multi-level nonparametric detectors are Xli - 0 (all cos sQt &in*) #*t
defined.

and
INTRODUCTION

for detection of a completely known low-pass ~ -l i*a~ ce)*
1
Q. IP

signal in additive noise the sil _crrelator wherse a nd *qi are samples of vitW tosowtI
detector is a simple and useful detector for and -vit) sin$(t). respectivelv. An alternate

t. ~~~ronparasnetric detection, requiring qnly theatt etof(1an 2)i
assumpt ion that the indepenladent oservotions ttmn f1& n ~)i

*ha-c zero medians under the noise-only X *~ 0-0 * W1
hvjthss. Ml_t-level extension@ of the X i

sign rotr rlator detector. based on conditional In which in general we definei A5  All * JAQj.

-5 can also be defined IlI to give more Note that for the completely known nArrowbmn1
.1 i t nonparametric detection under a signal detect ion problom we have 6 - 0 in (I) and

Sassumption on the noise probability (3). In both cases under the null ntnow-ronl i
,i:-nr functitons (pdf * ). by a nonparametric hvpothesis HI we have 6 w 0I and under the allt-

1..tsr we will mean one which for any fihnite r.,tive K we have S ) 0i.
rIcsize has a constant falso-alarm prb..ility

under the nois-only hypothesis, for somre When I - 0 the observations ar*eNi

nronparasetric class of noise pdfso. Xi ~. Lt
1
Qb h nm

bivariate probability density funct ion (pdf) of
In this paper we will examine some detectors the noise tre (W;1. WQi), i - I. 2. ... n.

which may be viewed as counterparts of the sign The general assumption it that these bivariave
ccorrelator detector, for detection of coherent samples are Andepe!dent random samples i.

aand incoherent norrowband signals In additive addition to being jiden rAllydistributed. The

narrowband noise. our objective is to deine assumption on Wit) also makes Wit and i
a narrowband detector which might be considered to uncorrelated random variables for each 1. In

be the counterpart of the univariate sign order to obtain nonparametric detectors with a

detector. We shall also see that on extension to c onstant false-alarm probahilitv under Hi soar
mult i-level detectors is also possible for ouch a further assumptions need to he made alr~lt fJQ.

detector, in exactly the soe way that the

multi-level sign correlator detector my be defined PONPARAIEETUIC CLASSES OF BIVADIATE NOISF ~DNIlTIES
for known low-pass signal detection in

symeetrizall * distributed noies. These narrowband In the come of nonparametric detertoin ci
-. . de~t.ctrr turn out to require conditional test konl-sesignal in additive noise a r,,milint
* .implementations, as we will see, assumption made about the noise distrihution,

function is that its median value is zero,.

narictwhand signal observed In additive narrowband

* This research is supported by the Air Force Office ApproVed f or puablic r8e 981116
of scientific Research under Grant AMRS 82-0022 distribution unlhimited.
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false-alars probability detector. A further
assumption which sav be male to let mote efficient to one of the weakest.

detvctors such me multi-level and signed-rank AOUADRUPANTC"S("DEL('t
dotectors is that of symmt of the noise* pdf. WROBN OPWTI SN FLTR

We ,.ill now onsider some corresponding Nr-iiearwadCreeu it
condit Ions which say be Imposed on the bivariato Haerd-itr Wrebn oreau IN

noise pdf flt!.

The linear narrowbend correlator (LNC)
Let ?Qbe the distribution function detector for a ompletely ktnown narrnwband

correspondint to 
1
IQ. A simple extension of the signal uses the teat statistic

zero medians assumption in the univeritet case iso

the zero marrinal medians assumption UCI m g (in)

FjQ(O. *) : Nil 0) Nortmalization of the Xi to unit envelope values
11 ; (4) prior to their use in the above correlation giv~es

the hard-limiter narrowband correlator (NOC tes~t
we shall be interested In defining a "sign" statistic
detector in the narrowband situation which is - n0
nonparametric In its performance, under H,. for TNC M m I Rejol Xi~il. (11)
this assumpti on on 

7
1Q. An additional 1

assumption Which may be reasonable is that This Is one logical counterpart of the sign
detector for a completely known low-pass slpnsI.

FIQ
1 0

. 0) m 114 (I The NC detector may be taken to he a

Thisconitin tgeter ith 4) ay e dscrbed nonparametric detector for the clas of noise
Thisconitin tgeter ith 4) ay e dacrbed pdif' 'owhich are circularly symmetric.

as an equal-probability quadrants assumption. This foltow beceuse hi/I'jfIj__ Is

then uniformly distributpe* on the unit circle. and
* 4A direct extension of the univariate the distribution of THXC(X) Is fixed and

symmetry assumption is that of diagonal s2ytrt knowun under H.
in the hivariate case. For 119 this becoue

The asymptotic relative Offiloncv (ARE) of
fiQiw. *d - flQ(-W.-v). all u. v. (6) the HNC detector relative to the LNC detector for

Cowpletely known narrowband signal In Cause is:
Diseonal symmetry implies that the marginal noise can be established to be AWNNC.LNC - 4
medians are zero. A stronger symmtry assumption 12-4). for the case where hir) Is the
is that of rectangular symmestry (compont-wise exponential function this ARE becomies 1.%. A
symmmetry), under which general exgression of the ARE for a peneralirod

exponent r in hit) is given In [1
fiQ(u. v) - fiQ(u. -v) - fIQ(-u. v). all u, V.(7)

* 4 For the incoherent narrowband sirnal the HNC
One can add an Ifterchangeabilty (permtutation test statistic any be modified to h.rom
invarinnce) assumption which requires- n

fiQiw. V1 a fiQ(v. u), all u, v . (8) -
The resulting detector is also nonperaaetrc i t

Note that diagonal symmetry together with the cl as of circularly symmetric noise pdf's on'i
interchangeability may be a reasonable assumption Its ARE compared to the correaponding I.NC d..t..to,
about fIQ, but does not guarantee that Wli and Isa the ese as in the case of completels rw
ldQ1 are uncorrelated. The rectangular symetry narrowband signals 12-41.
assumption does Imply this property for Wi
li~j). Vs also find that with rectangular In low-pass known-signal detection the AtE
symetry the equal-probability quadrants of the sign detector relative to the optimumm
assumption IM4 and (S)1 is satisfied. detector for Gausian nois is 219. The ahose

result of v/4 indicates better relative
A special case of rectangular symtmetry and performance in the narrowband case, but then the

interchangeability Is obtained by the circular NEC detector may not quite be taken as the
fymeetry assumption, which for fIQ is counterpart of the low-pass known-signal sign

detector.

fiqi. v a h~a
2

* v
2  

flrrowband Sian Correlator iN1SCI-Dettoras

for h anv non-negative function on 10. a). in
fact 29rh(q) in 2tb71 the pdf of the envelope As another direct counterpart of the si t.

7Isamples (Wji* W&If t. Thus circular detector for a completely knabn It'-pass air-..
symmetry is one of the strongest assumptions one we can define in the narrowhand ease the
ean ake in extending the univariate zero median norwadsignrre.latot detector haed~ no

and symmetry assumptions, and the zero marginal
mediansa ssumption or that of diagonal symetry

'p%



- 0PICI U 112) 1/2. This allows use to ife ti.t.
K *NSC~- jl it 8 11l 50 " 'Q wider H. PIC1  - PIC21 and P41)11,402$P1. and

n (13) for the conditional null-hypothesis

- R es 17, -1 probabilities of Cl. C2, DI and V2. with C-
- 1-1 ~Cl I' C2 and D) - 01 U 02. that

where Hi (%an X~j + j an XQj). In
the incoherent case the appropriate test PIClIc.H1 - PIC2IC.HI

In order for theme detectors to hove constant P(DIID.NI - PID21D.111

false-alatm probabilities the class of allowable
noi%@ pdf's eust be comprised of pdf's f1Q
which result in (egn Xyj. sin X~il having a These ae counterparts of the simple uncoinditiconal
fixed distribution over Its possible values under saeei htec afo h elln a
H. For the class of noise pdf's which give aprbblt 1/une NIn henirnpco .

.4. .g~~~~~uaL-protabijjtv_quadrsnts this requirement is rbblt I ne nteuiait ae
fulfilled. and, In fact. mao XI and egol XQj This observation suggests that it phoold 1..

are ndepnden undr H.possible to use conditional tests to obtain
detectors that will be nonparseetric in det.ctorny

It is Interesting to note that the narrowband narrowband signals In noise for which i~f Is
sign detectors defined ahove can be viewed as

versonsgf te HC deectrs i whch te pase known only to tsvp zero marginal e..diane.
venglonf th/ei isC quatedr towh the phs Consider TySCM~ of (13) and 114). We find

valus 54. ,/A.5w/ an 7.1 inthethat in each case A~he distribution of the

first through fourth quadrants, respectively. cmoet fte~ sntcmltl
Such phase quantized detectors have beon specified under the tero a"reinal medians null

prevousy cnsidred12.1. ad teirAa~hypothesis. However, conditioned on the vat-,

relative to the LNC detectors can be shown to be of !i* g X11 :!n Xqi (i.e.. given X 1

2/s for Gaussian noise. In fact. quantization of i oC or oherwise?) wetidta ji

the phase angle Into mere than four levels Is equally likely to be I # JIi %r -1 - jmi utmor
psil;under thes circular symmetry assumption this null hypothesis. Thus jiv1yn the vertn,

possible;~~~~~ wilr-i onaserc (NJ. M2 . . n~) the distribut ion .if
the resulting detectors wlreanosamtic TNSC(?) Is fixed and known under the zero

in hei nul-hpotesi peforanc.marginal medians null hypothesis. We ti. in

NSC Conditional Teat Detectors fact show that It Is sufficient to uodition 4- 1 %
on the m

For the narrowband sign correlatorN
detectors we require assumption (5) in addition to i

4the zero marginal medians assumption In order to - H
establish that they are nonparamertric. Here we
shall develop nonparametric detectors applicable 2 NC -li

for narrowband signal detection which operate.-j
under the assumption only of zeiriiA_ a orsmlnC h oa ubrls~

-J a'dins.concordances (ND Is the total number tif

In the univariste case for the zero median discejlances) to oake the distrbutions of
null hypothesis the sign test is based on n~C~ ie n nw ne hsI. Ti
partitioning the observation apace 2 - m, ) follows because given PC thete &ce f% U

01 nd1G.*~ equally likel, possible values of If unrit the
Into equal probability subsets I . nul hypotesis
In the present case, under the zero marginal

* -medians null hypothesis, both Of the Overlapping Thus the Implementation of a narr,.whand sir,.
subsets INu. v'ha 1 01 and 10, V1Iv 1 01 have correlator detector which is nonparamenfif in vts
probability 112. Thus there are two ways of promneudrtezr agnlmdasnl
defining a dichotomous partitifon of R2 for hpothesisc reire azetoe mahgina o n thso

the purpose of defining a sign test. Neither ne endprandsisrqies whicharedpar)*dofuthrashl
by itself may he useful for the entire range of functions ef if or PC. The site of the tables
signal-present situations of interest to so in grows linearly with n and the individuaI throasil,tnarrowband signal detection. and roadomtization values depend only on X( (or

One obvious method of partitioning R2 for N). the desired false alarm prohabilltv and the
a sign test is the partitioning provided by theknnvetr.
four quadirants, which we shell now label as Cl. Let us consider a useful special a-r
Dl. C2. D2 for first, second, third and fourth For the Incoherent narrowband signal the test
quadrants, respectively. This notation emphasizs statistic (141 may be written as

* that In Cl and C2 the points are concordant (have
the same sign for each component) and in 01 and 02
they at., discordant. The taro marginal medians
condition specifies only that under H PICI V D11

* /p



- In order to obtain improved officienc.z it
TN,,tX) i ;h -h (1)t now possible to use a multi-level test an .5.1.

wheres.(aj 2 . 'n andof the regions C and D. provided diagonal I
what 8 ("1, i2,-- an)and I. )Twtrvcan be assumed. The idea is now to

similarly defined, with "h" denoting the subdivide Cl and C2 as Cl a Cl1 U Cl2 and C2
conjugate-transpose. Now consider the detection C21 U C?2 . for example, with Cl1 U C2 j
of a random phase sinusoidal waveform. so that forming a region closed under sign change. in b~oth

4(t) -0 and vit) - I In (1). This mans that components. The basic Idea Is similar to that in H
at 0 icm xt ftets rw atr lhuhJO so that (17) becomes the univariat. case Ill. The problem is that the

TNSC(Xl r ego xiI)2 r $ao XQi)
2  

simple "dead-zone" type test statistic should

i-i i-Irequire conditioning on only two scalars tnumbors
To To ) of observations In Cl1 V C21 and in fl11 V

where To IT,(XjI. Ts(XQ. the2l 1).

row vector of component sign teat statistics for In conclusion we note that it is also not

!I 1X11. X12  . ,X 10 1) and for possible to define nsrrowband signed-rank tests.
XQ. Since the test statistic is to be used In even under the strong symmetry assumptions

a et conitional on N. one can normalize (19) by considered earlier, without use of conditional
the conditional covariance matrix V of To. teots. Under the simplest assumption of dieponal

Tecntinsi epcdvauofis. given symmetry it is possible to define conditional
N. under H. is 0. and we have bivariste signed-rank teats (61 which mav he

extended to apply In the general narrowband cas..
V T1 5  .114.11 The complexity of such true finite-simtple

* N noniparamatric signed-rank tests would prohablv

render them impractical for most applicai ons.
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